Breaking the up-down symmetry of the tokamak poloidal cross-section can significantly increase the spontaneous rotation due to turbulent momentum transport. In this work, we optimize the shape of flux surfaces with both tilted elongation and tilted triangularity in order to maximize this drive of intrinsic rotation. Nonlinear gyrokinetic simulations demonstrate that adding optimally-tilted triangularity can double the momentum transport of a tilted elliptical shape. This work indicates that tilting the elongation and triangularity in an ITER-like device can reduce the energy transport and drive intrinsic rotation with an Alfvén Mach number of roughly 1%. This rotation is four times larger than the rotation expected in ITER and is approximately what is needed to stabilize MHD instabilities. It is shown that this optimal shape can be created using the shaping coils of several present-day experiments.
Introduction
Bulk toroidal rotation is usually beneficial for plasma performance in tokamaks. Rotation with an Alfvén Mach number of M A ≈ 1% is able to stabilize dangerous magnetohydrodynamic (MHD) modes [1, 2, 3] . This corresponds to a Mach number of roughly M S ≡ 2T i /m i ≈ 5% in ITER [4] , where T i is the ion temperature and m i is the ion mass. Moreover, higher levels of rotation can combat turbulence [5, 6] (though extremely high rotation can actually drive turbulence through the parallel velocity gradient instability [7, 8, 9] ). Unfortunately, the mechanisms that drive toroidal rotation in existing experiments do not appear to scale well to future high-performance devices like ITER (i.e. larger devices with stronger magnetic fields). A cutaway view of the flux surfaces in the "optimal" magnetic geometry (i.e. the equilibrium that will be shown to maximize intrinsic toroidal rotation generated by up-down asymmetry), shown with the midplane (blue, dotted) and axis of toroidal symmetry (black, dashed).
Rotation is commonly driven by pushing the plasma using external injection of momentum. This is often done with beams of neutral particles, which enable existing experiments to achieve toroidal rotation with typical values of M A ≈ 3% (or M S ≈ 15%) [2] . However, due to ITER's larger size, external injection is only expected to drive rotation with M A ≈ 0.3% (or M S ≈ 1.5%) [1] , significantly less than what is needed for MHD stabilization.
An attractive alternative is "intrinsic" rotation, or rotation spontaneously generated by the turbulent transport of momentum. Turbulence can move momentum around the device, just like it moves particles and energy. This enables the nested magnetic flux surfaces to push off each another, as well as the surrounding vacuum vessel and external magnets. Unfortunately, the intrinsic rotation in existing experiments is observed to be fairly modest, typically with M A 1% (or M S 5%) [10] . This has been explained by noting a particular symmetry [11, 12, 13 ] of the gyrokinetic model, a theoretical model that is thought to accurately describe turbulence in the core of tokamaks. This symmetry constrains the intrinsic rotation to be small in ρ * ≡ ρ i /a 1, where ρ i is the ion gyroradius and a is the tokamak minor radius (strictly speaking, intrinsic rotation is small in the ion poloidal gyroradius divided by the minor radius [14] ). However, it is broken if the magnetic equilibrium is up-down asymmetric (i.e. is not mirror symmetric about the midplane as shown in figure 1 ). Subsequent numerical [15, 16] and experimental [17] work using flux surfaces with tilted elliptical shapes suggests that updown asymmetry is a feasible method to generate the present experimentally-measured rotation levels in future larger devices (which have smaller values of ρ * ).
Recently, a series of analytic arguments have been formulated concerning the ability of different up-down asymmetric flux surface shapes to drive intrinsic rotation. MHD analysis has shown that externally-applied shaping with a large poloidal mode number m 1 does not penetrate effectively throughout the plasma, but only shapes an exponentially thin layer at the edge [18] . Furthermore, another symmetry of the gyrokinetic model, a poloidal tilting symmetry, has been demonstrated in the limit of high-order flux surface shaping [19] . The tilting symmetry implies that mirror symmetric flux surfaces (i.e. flux surfaces that have mirror symmetry about at least one line in the poloidal plane) drive momentum transport that is exponentially small in m 1. There are two ways to circumvent this restriction. First, we can break tilting symmetry using non-mirror symmetric flux surface shapes [20, 21] (i.e. shapes that do not have mirror symmetry about any line in the poloidal plane). This allows rotation to be driven by the direct interaction between different shaping modes (irrespective of toroidicity). This mechanism is expected to dominate in the limit of cylindrical devices. Second, we can beat two different shaping effects together in order to create an envelope that gives the flux surface shape low-order variation. Reference [20] indicates that, as long as the envelope is up-down asymmetric, this strategy can drive rotation that is only polynomially small in m 1. This mechanism is expected to dominate in the limit of high-order shaping effects.
Taken together all these arguments motivate up-down asymmetric flux surface shapes with the lowest possible poloidal mode numbers. Additionally, it is important to explore the effects of non-mirror symmetry and up-down asymmetric envelopes, as they may enhance the rotation drive. In this work, we will consider flux surfaces with both elongation and triangularity. We will allow the two shaping effects to be tilted independently in order to break mirror symmetry and create up-down asymmetric envelopes. These two modes, m = 2 and m = 3, are the lowest order modes that can be created by external shaping coils. The m = 1 mode (i.e. the Shafranov shift) is not directly controlled by external magnets and has already been considered in reference [22] . By varying these two tilt angles, we will optimize the geometry to drive the fastest intrinsic rotation and look for geometries that directly improve the energy confinement time (irrespective of rotation).
Magnetic equilibrium
Before we can simulate turbulence, we must first specify the magnetic equilibrium. Due to axisymmetry, the general form of the magnetic field in a tokamak is given by
where ζ is the toroidal angle and I (ψ) (which is closely related to the poloidal plasma current) controls the toroidal field strength. The magnetic flux surfaces (see figure 1) are contours of the stream function ψ (which is the poloidal magnetic flux divided by 2π). We will motivate experimentally-practical flux surface shapes using solutions to the Grad-Shafranov equation
which governs the tokamak equilibrium [23] . Here R is the major radial coordinate, µ 0 is the permeability of free space, and p is the plasma pressure. From equation (1) and Ampere's law, one can show that
where j ζ is the toroidal plasma current density. To find a simple and realistic solution, we assume j ζ is uniform and expand in the limit of large aspect ratio (given the typical orderings for a low β, ohmically-heated tokamak [24] ). In this context, equation (2) is solved by
where we have normalized all lengths to the tokamak minor radius a, all magnetic fields to µ 0 j ζ R 0 /4, and indicated these normalized quantities by the subscript N . Here r is the distance from the magnetic axis (the magnetic axis is the line enclosed by all flux surfaces), θ is the usual cylindrical poloidal angle, C m controls the strength of each shaping mode, θ m is the mode tilt angle, and R 0 is the major radial location of the magnetic axis. Instead of using ψ N to label flux surfaces, we choose to use the flux surface label ρ, defined by
This substitution is made for convenience, as ρ keeps the volume enclosed by the flux surfaces roughly constant as the tilt angles are changed. Specifically, ρ corresponds to the value of r N at the outboard midplane if all shaping effects were untilted. To determine the shape of the flux surfaces, we must invert equation (4) in order to find r N (ρ, θ). We will do this in two ways. The first shape parameterization is an approximate solution given by
This flux surface parameterization is constructed to be consistent with equation (4) in the weak shaping limit (i.e. C N m 1), to have an m = 2 mode that exactly corresponds to an ellipse, and to include all shaping modes. However, because we are interested in the Figure 2 . An example flux surface shape (solid) specified by the less-realistic parameterization of equation (6), along with the axis of toroidal symmetry (dashed). Note the slight concave region on the inboard side of the surface.
lowest order shaping effects, in this work we will only need the m = 2 and m = 3 terms. This parameterization is somewhat unrealistic because we will use fairly strong, ITERlike shaping. Since we are no longer respecting the weak shaping limit, equation (6) can lead to concave regions in the flux surface shape (see figure 2 ), which are difficult to achieve experimentally. For this reason, we will only use the parameterization of equation (6) to test the sensitivity of our results to the exact shape of the flux surface.
The second shape parameterization takes advantage of the fact that, when we only include the m = 2 and m = 3 modes, equation (4) becomes a cubic in r. This can be inverted exactly to find a more complicated parameterization for the shape of each flux surface:
where
.
We expect this second geometry specification to produce experimentally-practical flux surface shapes to lowest order in the large aspect ratio expansion. To show why, we first note that equation (4) is a solution to the Grad-Shafranov equation in both the vacuum and plasma regions. The only difference is that j ζ = 0 in vacuum, causing the inhomogeneous r 2 N term to disappear. Studying equation (4), we see that the low m terms dominate in the r N → 0 limit. In fact, the r m N dependence implies that high m shaping modes are exponentially less effective at maintaining their effect over large distances in vacuum and plasma [18] . Hence, if the shaping coils are very far from the plasma (as would be preferable in a reactor), the only feasible shapes are those composed of the lowest-order modes in equation (4) . Equation (7) is precisely that. To investigate experimental feasibility, we took the TCV [25] and ITER [4] coil sets and calculated the coil currents that most closely create our "optimal" flux surface shape. This "optimal" shape will be shown to maximize intrinsic rotation from up-down asymmetry, is parameterized by equation (7), and is shown in figure 1 . To calculate the necessary coil currents, we must solve the inverse free-boundary equilibrium problem, which will be done in two ways. First, we used the FBT code [26] , a free boundary MHD equilibrium code used to design magnetic geometries for the TCV experiment. This produced the TCV configuration shown in figure 3(a), which closely matches our "optimal" shape and respects all TCV coil limits for values of the plasma current up to 400 kA. Second, we employed VMEC calculations [27] and performed a leastsquares minimization to best approximate the target flux surface shape. This method is explained in the discussion of figure 9 in reference [28] . Our results (shown in figure  3 (b)) demonstrate that the ITER coil set is capable of matching the "optimal" shape. However, we see that the mismatch between the plasma and vacuum vessel shapes leads to a reduction in the total plasma volume (compared to a nominal "D"-shaped plasma).
Intrinsic rotation driven by turbulence
To model turbulent transport we will use gyrokinetics [29, 30, 31, 32, 33, 34, 35, 36, 37, 38] because experimental measurements [39] indicate that it accurately treats turbulence in the core of tokamaks. Gyrokinetics is a fully-kinetic description based on an expansion of the Fokker-Planck and Maxwell's equations in ρ * 1. It specifically investigates behavior much slower than the ion gyrofrequency, but still allows the size of the turbulent eddies perpendicular to the magnetic field to be comparable to the gyroradius. In this regime, we can gyroaverage over the fast particle gyromotion. This removes one dimension of velocity space as well as the gyrofrequency timescale, which makes the model computationally tractable.
To further simplify, we will assume the turbulent fluctuations are electrostatic, implying that the magnetic field is not perturbed by the turbulent fluctuations. This is justified when the ratio of the thermal pressure to the magnetic pressure is small (i.e. the plasma beta is β 1), which is fairly well satisfied in most experiments. We also assume that the turbulent fluctuations, which have perpendicular sizes similar to the ion gyroradius, are much smaller than the equilibrium gradients in density and temperature. Additionally, we are interested in mechanisms that cause a stationary plasma to begin rotating, so we will take the rotation and rotation shear to be zero (i.e. Ω ζ = dΩ ζ /dψ = 0). Next, we will neglect particle collisions and instead use hyperviscosity to provide enhanced numerical diffusion. This is done to reduce computational cost and because previous work suggested that it has little effect on our results [40] . Lastly, we will separate the perturbation in the distribution function due to turbulence δf s and assume it to be small by one order in ρ * compared to the background distribution function F M s (which we assume to be Maxwellian). Here the subscript s indicates either the ion or electron species.
Given these assumptions, the gyrokinetic equation is given by [41] ∂ δf s ϕ ∂t
This is solved together with the gyroaveraged, perturbed quasineutrality equation (i.e. Gauss's law)
for the perturbed distribution function and the electrostatic potential φ. Here t is the time, . . . ϕ is the gyroaverage at fixed guiding center position, v || is the component of the velocity parallel to the magnetic field unit vectorb, v B is the magnetic drift velocity, v E is the E × B drift velocity, Z s is the particle charge number, e is the proton charge, T s is the background temperature, µ is the magnetic moment, and dϕ signifies the gyroaverage at fixed particle position. By running the code GS2 [42] on supercomputers, we can solve the gyrokinetic equation in a flux tube, a long narrow simulation domain that follows a single magnetic field line on a single flux surface of interest. This allows us to calculate the local radial fluxes of energy and toroidal angular momentum (per unit area) according to
respectively. Here m s is the particle mass, v is the speed, . . . ∆ indicates a coarse-grain average over a spatial scale that is larger than the turbulence and smaller than the device, and . . . t indicates a time average over the turbulent timescale. The flux surface average is defined by . . . ψ ≡ ψ dS (. . .) / ψ dS, where S is the entire flux surface. However, to evaluate this in a local code, we restrict the integral to just the domain of our flux tube. This is acceptable because the flux tube (which runs from 0 to 2π in poloidal angle) can be extrapolated to fill in the entire surface (due to axisymmetry). In general, to calculate the rotation profile in statistical steady-state one must invert
on every flux surface [14] . However, we can calculate a simple estimate of the level of rotation using local values of Π ζ and Q i [22] . First, we assume that the energy flux is dominated by the diffusion of a temperature gradient [43] ,
Here we have neglected the drive from the density gradient, which should be acceptable given that we are focusing on toroidal ITG turbulence. Next, expanding equation (13) around Ω ζ = dΩ ζ /dψ = 0 and neglecting the term proportional to Ω ζ (which can only enhance the rotation [44] ) gives
Here n i is the ion number density, while D Q and D Π are the energy and momentum diffusion coefficients respectively. We can couple the energy and momentum transport by assuming a constant turbulent Prandtl number P r ≡ D Π /D Q ≈ 0.7, which is motivated by the results of previous numerical simulations [16, 45, 46] . This produces the estimate
where v th,i is the ion thermal velocity. This equation highlights the importance of the parameter (v th,i /R 0 ) Π ζ /Q i , which previous results indicate is fairly independent of the temperature gradient [16, 20] . We see that, by finding the shape that maximizes (v th,i /R 0 ) Π ζ /Q i at Ω ζ = dΩ ζ /dψ = 0, we can maximize the intrinsic rotation.
Numerical results
To investigate the momentum transport in flux surfaces with both elongation and triangularity, we will first use the more realistic geometry of equation (7) and perform a two dimensional scan in θ 2 and θ 3 . We choose to fix C N 2 = 0.45 and C N 3 = 0.1 because these values approximate the ITER boundary shape when θ 2 = 0 and θ 3 = π/3. By setting ρ = 0.75, we select a flux surface that is in the core, but is close enough to the boundary to have substantial triangularity (specifically it selects the third flux surface from the center in Figs. 1 and 3) . The major radius of R 0 = 3 and minor radius of a = 1 are selected to give the tokamak a conventional aspect ratio. The safety factor of q = 1.4, magnetic shear ofŝ ≡ (ρ/q) dq/dρ = 0.8, and background density gradient of d ln (n s ) /dρ = −0.733 are taken from the widely-used Cyclone base case [47] . Note that setting this value of the magnetic shear is formally inconsistent with the constant current assumption used to derive our flux surface specification. However, all geometrical quantities appearing in gyrokinetics are calculated using the Miller local equilibrium model [48] , which minimizes this error in the vicinity of our flux surface of interest.
Because the flux surfaces are so strongly shaped, we will use a large background temperature gradient of d ln (T s ) /dρ = −3.0 to ensure that the turbulence is driven unstable. For these values of the gradients, the dominant drive of turbulence is the ion temperature gradient (ITG). Additionally, these simulations treat the electrons as gyrokinetic, so the effects of the electron temperature gradient (ETG) and trapped electron modes (TEM) are included. However, no attempt was made to study these sub-dominant modes. That being said, we don't expect ETG to drive rotation because the ions (which carry most of the momentum of the plasma) behave adiabatically at the electron gyroradius scale. Additionally, we believe that the momentum driven by TEM modes should behave similarly to ITG (i.e. have the same sign and similar dependences). This is because (as we will soon see) the dominant effect driving rotation appears to be the interaction between shaping and toroidicity. The effect of toroidicity, that the modes peak on the outboard side of the device, is the same for ITG and TEM modes. However, this is speculative and more work is needed to explore this.
Because of the strong shaping, these simulations are computationally expensive. Properly resolving the sharp features of the flux surface required a fine grid along the magnetic field line. The simulations used 128 grid points, a factor of four larger than conventional. The radial wavenumber grid had 127 points and varied from k r ρ i ∈ [−2.52, 2.52] in steps of ∆k r ρ i = 0.04. Similarly, the poloidal wavenumber grid (which parameterizes the direction perpendicular to the field line, but within the flux surface) had 22 points and varied from k p ρ i ∈ [0, 0.84] in steps of ∆k p ρ i = 0.04. These grid spacings were chosen using a convergence study, though the poloidal grid spacing is somewhat larger than usual (corresponding to seven ion gyroradii). To double-check, our results were verified by rerunning the code with a finer poloidal grid for two of the geometries. The remaining coordinates used more typical resolutions. In velocity space, the energy grid had 12 points and the untrapped pitch angle grid had 20 points. The trapped pitch angle resolution was determined by making each point in the poloidal grid a bounce point for particles traveling in both directions along the magnetic field line. Therefore, near the location of the maximum magnetic field there are only 2 trapped pitch angles, while near the location of the minimum magnetic field there are 129 trapped pitch angles. Figure 4 (a) shows how the intrinsic rotation generated by the two-mode geometries compares with that generated by flux surfaces with only elongation or triangularity. We see that configurations shaped by only elongation produce significant momentum transport, unlike configurations with only triangularity. However, the "optimal" twomode geometry (i.e. the θ 2 = π/8, θ 3 = π/24 case) has almost double the momentum transport of any single-mode geometry. Performing an additional simulation of the "optimal" geometry with (R 0 /v th,i ) dΩ ζ /dρ = 0.1 confirmed that Π ζ ≈ 0 as predicted by equation (16) . This gives confidence that the assumptions used in our derivation (i.e. diffusive transport and the invariance of the Prandtl number) are well satisfied. If we assume that (v th,i /R 0 ) Π ζ /Q i is uniform across the flux surfaces that have a substantial temperature gradient, then we can integrate equation (16) . Without any edge rotation, this estimate predicts that the on-axis intrinsic rotation in the "optimal" geometry will have an M S ≈ 7%. This value corresponds to M A ≈ 1.2%, given an ITER-like value of β = 0.06 (i.e. the ratio of the thermal and magnetic pressures). This level of rotation is roughly what is needed to stabilize MHD modes.
One possible explanation for the large difference between the elliptical and twomode geometries is the breaking of flux surface mirror symmetry. We know that breaking mirror symmetry allows the interaction of different shaping effects to directly drive momentum (which would be the dominant mechanism in a cylindrical device). However, for the aspect ratio of these simulations, this effect appears to be fairly modest. Of the four configurations with the most momentum transport, two of them are mirror symmetric.
Another possible explanation is that the beating between elongation and triangularity creates an m = 1 mode (i.e. an envelope), which then interacts with toroidicity to drive the extra rotation. This would be the dominant momentum transport mechanism in configurations that only have high m shaping effects. However, for the m = 2 and m = 3 mode numbers used here, this effect appears to be small. We can see that, of the four configurations with the most momentum transport, two of them have envelopes that are very close to up-down symmetric. This result is intuitive because it is difficult to visually discern any sort of envelope in the flux surface shapes. This is because the envelope is only distinct from the shaping effects when the difference between the two beating modes is much smaller than the mode numbers themselves. Instead, it appears that the intrinsic rotation drive is dominated by the direct interaction of elongation and triangularity with toroidicity. Figure 4(b) shows that the best performing two-mode geometries stabilize turbulence and increase the confinement time. Because these simulations were all run Figure 4 . Values of (a) the normalized momentum transport 100 × (v th,i /R 0 ) Π ζ /Q i and (b) the total energy flux (Q i + Q e ) /Q gB are indicated by the numbers/colors for various non-mirror symmetric (solid lines) and mirror symmetric (dotted lines) flux surfaces created with elongation and triangularity (specified using equation (7)). The thick gray bands indicate geometries with up-down symmetric envelopes. For comparison, purely elongated flux surfaces are shown in quadrant II, a circular flux surface is shown in quadrant III, and purely triangular flux surfaces are shown in quadrant IV. Repeating several of these simulations indicates that the statistical error from averaging over the turbulent timescale is ±0.5 for the energy flux and ±1 for the normalized momentum transport (which is consistent with the small, but non-zero results of the up-down symmetric geometries).
at Ω ζ = dΩ ζ /dψ = 0, figure 4(b) shows only the direct effect of the flux surface shape. It does not include any beneficial effects that high levels of rotation might have on the turbulence. Even so, the "optimal" geometry has 25% less energy transport than the ITER-like shape (i.e. θ 2 = 0 and θ 3 = π/3). Furthermore, the turbulence in the geometries with both elongation and triangularity was completely stabilized at the Cyclone base case temperature gradient of a/L T s = 2.3, unlike in the circular geometry. This demonstrates that the critical gradient was increased substantially by the strong shaping. Additionally, looking at the effect of positive and negative triangularity, we see behavior that is roughly consistent with TCV results [49, 50] . Elongated configurations see more of a benefit from negative triangularity. Rigorous agreement would not be expected because of the importance of TEM turbulence and electron transport in TCV. In our simulations, the electron energy flux was consistently smaller than the ion energy flux, typically by a factor of four.
Lastly, to assess the sensitivity of these numerical results, we repeated the scan using the shape parameterization given by equation (6) with somewhat different parameters. We increased the aspect ratio of the flux surface of interest by setting major radius to R 0 = 3 and ρ = 0.54. This was done because reference [22] indicates that the momentum transport is sensitive to the aspect ratio (specifically, it increases with aspect ratio). Additionally, the magnitude of the shaping was increased somewhat to C N 2 = 0.5 and C N 3 = 0.4. The results are shown in figure 5 . Because of the differences in shape and aspect ratio, it is not particularly illuminating to compare the exact values between corresponding configurations. However, figure 5 supports all of the conclusions we arrived at from figure 4. First, pure elongation, unlike pure triangularity, can drive significant momentum transport. Second, adding some triangularity to elongation (at certain tilt angles) can significantly enhance the momentum flux. Moreover, the tilt angles of elongation and triangularity for the best-performing geometries are similar. Third, the effect of non-mirror symmetry and up-down asymmetric envelopes appear to be small. Fourth, many of the tilted configurations display a reduction in energy transport compared to the ITER-like shape (i.e. θ 2 = 0 and θ 3 = π/3). We note that in the upper-right region of figure 5(b) , there are several configurations with particularly low energy transport. This feature can also be seen in figure 4(b) (though it is not quite as dramatic).
Conclusions
This work indicates that up-down asymmetry can drive sufficient intrinsic rotation to stabilize MHD modes in large devices. Our analysis has identified the optimal tilt angles (i.e. θ 2 = π/8 and θ 3 = π/24) to maximize the rotation for typical values of elongation and triangularity. Furthermore, we have shown that experimental coil sets can create this shape and, for the parameters used, it has 25% less turbulent energy transport than a conventional ITER-like shape. Figure 5 . Values of (a) the normalized momentum transport 100 × (v th,i /R 0 ) Π ζ /Q i and (b) the total energy flux (Q i + Q e ) /Q gB are indicated by the numbers/colors for various non-mirror symmetric (solid lines) and mirror symmetric (dotted lines) flux surfaces created with elongation and triangularity (specified using equation (6)). The thick gray bands indicate geometries with up-down symmetric envelopes. For comparison, purely elongated flux surfaces are shown in quadrant II, a circular flux surface is shown in quadrant III, and purely triangular flux surfaces are shown in quadrant IV. The error is assumed to be similar to the error in figure 4 .
